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Functionally Graded Cylindrical Shell Thermal Instability
Based on Improved Donnell Equations
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The thermal instability of cylindrical shells of functionally graded material is considered. The derivation of
equations is based on first-order shell theory and the complete Sanders kinematic equations. The resulting equi-
librium and the stability equations contain the rotations in the x and 6 directions and the transverse shear force in
the 6 direction, in addition to the conventional Donnell equations. When it is assumed that the material properties
vary linearly through the thickness direction, the system of fundamental partial differential equations in terms of
the displacement components is established. Instability analysis of functionally graded cylindrical shells under two
types of thermal loads with simply supported boundary conditionsis carried out. Results are obtained in analytical
form. The results are validated with the known data in the literature.

Nomenclature
E, E. = modulus of elasticity of metal and ceramic
" = volume fraction of ceramic
fn = volume fraction of metal
h = thickness of cylindrical shell
ki = curvature of middle surface
M;; = moment resultant
(M), = moment resultant of stable state
Nj; = force resultant
(Nijh = force resultant of stable state
R = mean radius of cylindrical shell
u = axial displacement
uy, v, w; = displacementcomponents of stable state
v = circumferential displacement
w = lateral displacement
Ay Ol = thermal expansion coefficient of metal and ceramic
N = rotation of middle surface about the x direction
B, = rotation of stable state about the x direction
Bo = rotation of middle surface about the 6 direction
Bo, = rotation of stable state about the 6 direction
&VijIm = shear strain of middle surface
&ij)m = shear strain of middle surface of stable state
€ = normal strain
(€ii)m = normal strain of middle surface
(€)m1 = normal strain of middle surface of stable state
v = Poisson’s ratio
oj; = normal stress
Tij = shear stress

I. Introduction

ECENT studies on new performance materials have been
extended to a new material known as functionally graded
materials (FGMs). These are high-performanceheat resistant mate-
rials able to withstand ultrahigh temperatures and extremely large
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thermal gradients used in the aerospace industries. FGMs are mi-
croscopicallyinhomogeneous with mechanical properties that vary
smoothly and continuouslyfrom one surfaceto the other.! Typically,
these materials are made from a mixture of ceramic and metal.
Generally, there are two ways to model the material property gra-
dationin solids: 1) Assume a profile for volume fractionand 2) use a
micromechanicsapproachto study the nonhomogeneousmedia. For
compositionprofile modeling, polynomialrepresentationsincluding
quadratic® and cubic®* variations are used. Other representations,
such as exponential functions’ and piecewise homogeneous layer
representations® have also been used. At the microstructurallevel,
a FGM is characterized by transition from a dispersive phase to an
alternative structure with a networking structure in between. Zhai
et al.’ and Nan et al.'° directly address the constitutive relations of
FGMs. Specifically, Nan et al.!° used an analytical approach to de-
scribe the uncoupledthermomechanicalpropertiesof metal/ceramic
FGMs. Pinderaand Freed,!! Pinderaetal.,'? and Aboudietal.'® used
the unit-cell approach to analyze FGMs. A recent special issue on
FGMs!* focuses primarily on the micromechanics-basedstudies.
Thermal buckling analysis of perfect cylindrical shells of
isotropic and homogeneous materials and cylindrical shells of com-
posite materials based on the Donnell and improved Donnell sta-
bility equations are studied by Eslami et al.'’> and Eslami and
Javaheri.!® Eslami and Shariyat'” consideredthe flexural theory and,
with the full Green nonlinear strain—displacementrelations instead
of the simplified Sanders assumption, formulated the dynamic me-
chanical and thermal buckling of imperfect cylindrical shells. The
higher-ordershear deformation theory, including the normal stress,
was used, and the mixed formulation was established to simplify
the approach of both kinematic and forced boundary conditions.
The technique was then improved by the same authors to an ex-
act three-dimensional analysis of circular cylindrical shells based
on the equilibrium equation and the full nonlinear Green strain-
displacement relations.!® The Donnell and improved Donnell sta-
bility equations are employed to present a closed-form solution for
the elastoplastic and creep buckling of cylindrical shells under me-
chanical loads at an elevated temperature.!” Eslami and Shahsiah
determined the critical thermal buckling loads for imperfect cylin-
drical shells.® They used the Donnell and the improved Donnell
stability equations and two models for imperfection, namely, the
Wan-Donnell and Koiter models. Many postbuckling studies based
on the classical shell theory of composite laminated thin cylindrical
shells subjected to mechanical or thermal loading or their combi-
nations are available in the literature, such as those of Birman and
Bert*! and Shen.??~2* Relatively few studies involve the application
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of shear deformation shell theory to the postbuckling analysis in
the literature, such as those given by Iu and Chia®® Reddy and
Savoia.?® In these studies, the material properties are considered
to be independentof temperature. However, studies of temperature
and moisture effects on the buckling loads of laminated flat and
cylindrical panels are limited in number,?’~3! and all of these stud-
ies assumed a perfect initial configuration. Palazotto and Tisler,*
Palazotto,’®> Horban and Palazotto* Siefert and Palazotto,®
Dennis and Palazotto %37 Isai et al..*® Dennis and Palazotto,”
Schimmels and Palazotto*° Palazottoet al.,*! Chienand Palazotto,*?
and Schimmels and Palazotto* have done extensive theoretical and
experimental work on the stability of composite panels. Their work
substantially reduced the gap between the theoretical and experi-
mental works. Shen** gave a full nonlinear postbuckling analysis of
composite laminated cylindrical shells subjected to combined load-
ing of axial compression and external pressure under hygrothermal
conditions.

Buckling analyses of FGM structures are rare in the literature.
Birman* studied the buckling problem of functionally graded com-
posite rectangular plate subjected to the uniaxial compression. The
stabilization of a functionally graded cylindrical shell under axial
harmonicloading was investigatedby Ng et al .*® Javaheriand Eslami
presented the thermal and mechanical buckling of rectangular FGM
plates based on the first- and higher-order plate theories.*’~3° The
buckling analysis of circular FGM plates is given by Najafizadeh
and Eslami.>!

In this paper, the thermal instability of functionally graded cylin-
drical shell is considered. The complete Sanders nonlinear strain—
displacementrelations are used. The resulting equilibrium and sta-
bility equations contain the x and 6 components of the rotation
and the transverse shear force in the 6 direction, in addition to the
conventionalDonnell equations. This approximationprovides more
reliableresults for the cylindrical shells of relatively longer lengths.
Itis assumed that the cylindrical shell is under uniform temperature
rise and radial temperature difference for thermal loading. Simply
supported boundary conditions are assumed.

II. Derivations

Consider a cylindrical shell made of FGM. The shell is assumed
to be graded through the thickness direction. The constituent ma-
terials are assumed to be ceramic and metal. The volume fractions
of ceramic f. and metal f,, corresponding to the power law are
expressed as’?

fe=1Qz + h)/2hT, fo=1-f 1)
where z is the thickness coordinate, —h /2 < z < h /2, h is the thick-
ness of the shell, and k is the power law index, which takes values
greater than or equal to zero.>? In this paper, it is assumed that the
variation of the composition of ceramic and metal is linear, k = 1.
The justification for this assumption is given in Appendices A and
B. The value of k equal to zero represents a fully ceramic shell. The
mechanical and thermal properties of FGMs are determined from
the volume fraction of the material constituents. We assume that the
nonhomogeneous material properties such as the modulus of elas-
ticity E and the coefficient of thermal expansion « change in the
thickness direction z based on the Voigt’s rule over the whole range
of volume fraction (see Ref. 53) as

E(Z) = chc + Em(l - fc)
C{(Z) = C{Cfc +am(1 - fc)7 V(Z) =V (2)

where subscriptsm and ¢ refer to the metal and ceramic constituents,
respectively. When volume fractions are substituted from Eqgs. (1) in
Eqgs. (2), material propertiesof the FGM shell are determined, which
are the same as the equations proposed by Praveen and Reddy?? as

E(z) = E,, + E.,,[(2z + h)/2h]

a(2) = o, + a2z + h)/20],

where

Ecm = Ec - Em» Uen = Qe — Oy (4)

Consider a thin cylindrical shell of mean radius R and thickness
h with length L. The normal and shear strains at distance z from the
shell middle surface are>

}/,\'9 = V,\'Qm + Zk,\'é) (5)
where ¢;; is the normal strain, y;; is the shear strain, and k;; is the
curvature. The subscriptm refers to the strain at the middle surface
of theshell. The indices x and 6 refer to the axial and circumferential
directions,respectively.The nonlinearstrain—displacementrelations
according to the complete Sanders assumption (see Ref. 54) are

€x = €xm + Zk,\'» €9 = €gm + Zk9»

€xm = U x + %w_zx» €om = (U_9 + U))/R + (U - w.9)2/2R2

Vxom = M.Q/R +oetw,(wg — U)/R» k, = —W xx

ky = (o — w.ee)/Rz,

where u, v, and w are the axial and circumferential displacements
and the lateral deflections of the shell, respectively,and the subscript
comma indicates a partial derivative. Terms vy and v, in the fifth
and sixth of Egs. (6) are eliminatedin the classicalderivationsof the
Donnell equilibrium and the stability equations. Hooke’s law for a
functionally graded cylindrical shell is defined as!

k,\'9 = (v.,\' - 2w\'9)/2R (6)

E(z E(z)a(z2)T
o, = L(e,\'m + Zk,\' + vegn + VZkQ) - M
1—v? 1—v
E(z E()a(z)T
0y = ;)2(697;1 + Zk9 + Ve, + VZk,\') - M
1—-v 1—v
Txog = G(Z)()/,\'Qm + Zk,\'f)) (7)

where E (z) and a(z), are the elastic modulus and thermal expansion
coefficient.

The force and moment resultants expressedin terms of the stress
components through the thickness, according to first-order shell

theory, are
h/2 h/2
N[jZ/ o dz, M;; =/ oijzdz @®)
—h/2 —h/2

Substituting Eqs. (3) and (7) in Eqgs. (8) results in the constitutive
law in terms of the displacement components as

N, = Bi€xm + Bivegm + Baky + Bavky — B3/ (1 —v)
Ny = Bi€om + Biverm + Bako + Bavk, — B3/ (1 —v)
Nyo = Bavrom + Bskxo
M, = Br€cm + Baveg, + Bok, + Bsvky — B7/(1 —v)

My = Br€gn + Poveum + Bsko + Bevk, — B7/(1 —v)

M,\'Q = ﬂS }/,\'Qm + ﬂSk,\'Q (9)
where
(" E@ (" zE@)
B = > dz, B = 1 dz
po L=V —ppp LTV
e e
Bs = / T(2)E(2)a(z)dz, Bs= / G(2)dz
—h/2 —h/2
/2 W2 2 E ()
Bs =/ zG(z) dz, Bs =/ 1 2 dz
—h)2 —npp LTV

h/2 h/2
ﬂ7=/ T(2)E(z)a(z)zdz, ﬂ8=/ 22G(z)dz  (10)

h/2 h/2
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The functional of total potential energy, including the membrane,
bending, and thermal strain energies, is written, and the Euler equa-
tion is applied to the functional of energy to obtain its stationary
value. The result corresponds to the improved nonlinear Donnell
equilibrium equations as

RN,\'.,\' + N,\'9.9 =0

RN« + Noo+ (1/R)Myp + Myp . — (Nofp + NygBx) =0

RM,\'.,\',\' + 2M,\'9.,\'9 + M9.99/R - N9

—[RNBrx + (Bro + RBo.x)Nio + NoPoo]l =0 (11

Here, B, = —w , and By = (v — w)/R are the rotationsin the x and
0 directions,respectively.The first and third equationsof the system
of Egs. (11) are identical with the Donnell equilibrium equationsin
terms of force and moment resultants, whereas the second equation
is different. Terms 1/RMpg, M.y ., and (NyBg + N,gB,) are added
to the conventionalDonnellequations. The reasonis that v isignored
in the expression for f, in the Donnell equations. The presence of
these terms indicates that the rotations along the x and 6 directions
and the transverse shear force in 6 directions are included in the
equilibrium equations. It is customary to neglect these terms in the
equilibrium equations. The result of ignoring the terms provides
justified buckling loads for the short cylindrical shells. For the long
cylindricalshells, the elimination of these terms results in significant
error in the buckling load estimation.

The stability equations are obtained by consideration of the sec-
ond variation of the total functional of strain energy or the force
summation method. The displacement components are related to
the terms representing the stable equilibriumand the terms of neigh-
boring state. Accordingly, the forces N;; and the moments M;; are
divided in two terms representing the stable equilibrium and the
neighboringstate. Throughthe linear strain—-displacementrelations,
the expression for total potential function is obtained. This expres-
sion, via the Taylor expansion, results in the sum of first and second
variations of the total potential energy. Applying the Euler equation
to the second variation of the total potential energy function results
in the stability equations

RN,\'].,\' + N,\'91.9 =0
RN,\'91.,\' + N91 .0 + (1/R)M919 + M,\'91 X (N90ﬂ91 +N,\'90ﬂ,\'1) =

RM,\'l.,\',\' + 2M,\'91.,\'9 + M91.99/R - N91 - RN/\'oﬂ/\'l X

- RN,\'QoﬂQl.,\' - N,\'Qoﬂ,\'l.é) - N90ﬂ91.9 =0 (12)
In Eqgs. (12), terms with the subscript O are related to the state of
equilibrium and terms with the subscript 1 are those characterizing
the state of stability. Note that whereas the equilibrium equations
are nonlinear, the stability equations are linear. The terms with the
subscript0 are the solution of the equilibriumequation for the given
load. The linearized strains and curvaturesin terms of the displace-
ment components are

= (w; +v10)/R

é,vml =Ujx, 69;}11

}/,\'97;11 = Vi« + (1/R)M1_9, k,\'] = —Wj xx

ko = (V1 — wl.ee)/Rz, ko, = (vix —2wi0) /2R (13)
The forces and moments associated with the stability state are
Nvl = ﬂléxml + B Vé€gm, + ﬂZk,\'l + ﬂszel
0 = ﬂléeml + ﬂlVéxml + ﬂzkel + ﬂZVk,\'l
Nyioy = BaYeom + Bska

M\'l = ﬂZé,\'ml + ﬂZVéf)ml + ﬂ()k,\'l + ﬂéVké)l

0 = ﬂ2€9ml + ﬂZVé,\'ml + ﬂ()ké)l + ﬂ()‘)k,\'l

\'91 ﬂS}/\'le +ﬂ8 x0] (14)

Substituting Egs. (13) and (14) in Eqgs. (12) gives the stability equa-
tions in terms of the displacement components as

RBuy .x + %”1.99 + Vi g0 (ﬂl” + ﬂL +Bs+ ﬁ) + Bivw .
— RByw; v — Wi p0x (ﬂ;: %) =0 (15a)
(ﬂw-}—ﬂ;;—i———i—%)ulgv (% +f:;+ Rﬂ4>vl.xx

+ (% + % +%> Voo + Wi <_ﬂ5 Byv — f_;)

Ny,
-i—(ﬂ —2 T)ww ( —%>w1.999=0 (15b)

Bv B
RByuty xx + (% + ES Ui ro9 — Prvieg

+ (ﬂz” +%+ Bs +f:;>vl.9,\z\' + (1}322 +1€_> V1,060

- (% + ﬂ_>vl o + (2}321) + RN\’())wl xx + Rﬂéwl XXXX

R
280 B 28, N B
‘( R +%)““-””+(75+% Wio = g5 Wians
Bi
—_ =0 15
S, (15¢)

Equations (15) are a coupled set of three partial differentialequa-
tions for the dependent functions u,, vy, and w,. They are the im-
proved Donnell stability equationsin coupled form. The underlined
terms in these equationsrepresent the extra terms related to the im-
proved Donnell stability equations. These terms are omitted in the
classical Donnell stability equations. Equations (15) are in x, 6, and
z directions, respectively.

Consider a cylindrical shell with simply supported edge condi-
tions. The boundary conditionsat x =0, L are>

W =W =V =, =0 (16)

The one-termapproximatesolutionof the systemof Egs. (15), using
the boundary conditions (16), may be assumed as>*

u; = A cosAixsiné

v, = B, sinAx cosnf, 0<x<L

w; = C; sin Ax sinné, 0<6 <27 (17)
where A, By, and C, are constantcoefficientsand A = mzx /L, where
m=1,2,3,...,andn=1,2,3,.... System (15) is made orthogo-
nal with respect to the approximate solutions (17) according to the
Galerkin method. The resulting system of equations with constant
coefficients is

b Ay +b,yB, +b3C, =0, by 1A+ byB, +by3Cy =0

b31A1 +b32B1 +b33C1 =0 (18)
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where
Ban’ Bov B
b11=)~2Rﬂ1+ ; s b, = na ﬂlv+%+ﬂ4+2_;
by = nzk% _ Bvi — RBA} — na P2
B Bav

b =)~”<ﬂlv+2_; +ﬂ4+%

)tzﬂs 2”2/32 ﬂl”z ﬂﬁ”z
by, = A2 —— + AR _
22 Bs + IR + Bs+ R2 + R R

ﬁ _ Bi nps n’ B, %

2 2 2
byy = —A"nfs — A"nfy — A n2R n R R R? R

an’Bv An?
b3 = Rpy2° +i + _}35 + Biva
R R
A*nBev A*nBy g, nBe
by, = A2 — 22 —_—t—+ —
32 npyv + R + A'nps + R + R? R3
np nBy
+ R + R?
2)\'2 2 )\'2 2
byy = R — 2320 — ARN,, — 2l Pev 2Py
R R
2 2 4
_ "_ﬂz _ n_ﬂ(, _ ﬂ (19)
R2 R3 R
Substituting Egs. (3) in Egs. (10) gives
B = i (E.+E,) B = i (E.— E,)
1_2(1_])2) c m)s 2 — 12(1_])2) c m
ﬂ3 = T[Elllalllh + %Eﬂlaﬁ‘ﬂlh + %Eﬁ‘ﬂlalﬂh + %Eﬁ‘ﬂlaﬁ‘ﬂlh]
h2
=—EC+Em7 =—Ec_Em
P 24(1+v)( ) Ps 24(1+v)( )
h3
= T . Ec - Em
Fo=gaa ) )
Elllaﬁ‘lnhz ECﬂlathz ECﬂlaCﬂlhz
=T
12 12 12
3
=—E.+E, 20
Bs 80T l))( ) (20)

In Egs. (20), the coefficients 5 and 7 are obtained for the uniform
temperaturerise, where 7T is a constant value through the thickness.
When T is a functionof the radius coordinate, 8; and 8, are obtained
from Egs. (10). Equations (20) are substituted in Egs. (19), and the
members of determinant of the matrix of coefficients become

E.+E,\( 2\*Rh hn?
b11 = +
2 1—v2 ' 12R(1+v)
b — E.+E, hvni n hn
2 2 T—v2 ' 12(1+v)
n E.—E, h%vni + h®ni
12 R(1—v2) " 4R(1+v)
E.+E,\ hvi
=\T7 )ioe

N E.—E, h%n?) h2A3R
12 2R(14+v) 1—0?

h*n’\v
R —v?)

E.+E, hvni hin
b21 = > +
2 1—v2 " 12(1 +v)
. E.—E, h?\n N h2van
12 4R(1+v)  R(1—12)
b _ (EctEn hRA2 N hn? N h322
2 2 12(1+v)  R(I—1v?) ' 96R(l +v)
o (E=En n2h? N h2)2 N h3n?
6 R2(1—12)  4(1+v)  4R3(1 —1?)
b — E.+E, h3A%n + hn
» 2 48R(1+v) = R —1?)
h*\%nv h>\%n

E.—E, h*n? n n
12 R2(1 —?) 1—12

200+ v)
. h’n . h3n?
R2(1—v2) 2R (1 —v7)
b (Bt En) _hva
e 2 1— 2
. E.—E, h2A3R . h2n?\v . h?an?
12 d—v) "ROI—v) 2RI+
o — E.+E, h3A\%n hn
2T 48R(1+v) = R(1—v2)
+ E.—E, h2)\nv + 3\ nv h*A\’n
12 1—v2  2R(1—17) @ 20 +v)
n h*n3 n mn3 n h’n
R -2  2R(I—v) | R(1—1?)
E, +E, h h3A2n2
by = — +
2 R(1—12) ' 24R(1+v)
N E.—E, m3A*R h2A%v 3 A%n?v
6 41— 11— 2R1—)
h*n? hn* )
— — — A"RN, 21
R —v?) 4R(l— l)z)i| %0 @b

Equations (18) are a system of homogeneous equations that have a
nontrivial solution only for discrete values of the thermal load AT .
The determinant of the coefficients A;, By, and C; are set equal to
zero, as

bll b12 b13
by byn by | =0 (22)
b31 b32 b33

The resulting equation may be solved for the buckling load. The
critical buckling load is the minimum value of the determinant for
values of m and n, the longitudinal and circumferential buckling
waves.

III. Uniform Temperature Rise

The initial uniform temperature of the shell is assumed to be
T;. Under simply supported boundary conditions, temperature is
uniformly raised to a final value 7, such that the shell buckles.
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To find the critical AT =T, — T;, the prebuckling forces should be
found. Solving the membrane form of the equilibrium equations,
using the method developed by Meyers and Hyer,>® gives the pre-
buckling force resultants as

N/\’O = _[AT/(l - U)](E,”(Xml’l + %Emacmh

+ %Ecmamh + %Ecmacmh)
Ngy = Nyg, =0 (23)

When coefficients from Eqs. (21) are substituted into Eq. (22) and
the result is simplified, the final expression for AT becomes

(1 — V)(bllb23b32 + b13b22b31 — b12b23b31 — b13b21b32)

AT =

reducesto AT, =0.632h/Ra. This result is obtained and given by
Eslami et al.!

V. Nonlinear Temperature Distribution
Through the Thickness

A cylindrical shell with inner surface temperature 7, and outer
surface temperature 7, is considered. Temperature distribution
across the thickness is obtained by solving the differential equa-
tion of thermal conduction as

92T (r) N [ 1

or?

K (r) 1} oT(r) _ 0 28)

Koy or ' r| or

1-v

hA*R h2\%v

)\,ZR(E,”C{,”/’Z + %Emacmh + %Ecmamh + éEcmacmh)(blleZ - b12b21) )\,ZR(E,”C{,”/’Z + %Emacmh + %Ecmamh + éEcmacmh)

{ <E+E>|: h
X y—
2 R(1 —1?)

The uniform buckling temperature difference is obtained by mini-
mizing Eq. (24) with respectto m and n, the number of longitudinal
and circumferential buckling waves. For pure isotropic metal or
pure isotropic ceramic in relations (10), 8, =0, 5 =0, and ;=0
and Eq. (24) reduces to AT, =0.316h/Ra. This result is given by
Eslami et al."”

IV. Linear Temperature Change
Through the Thickness
Becausethe shellthicknessis thin, the temperature variationalong

the radial direction through the thickness may be approximated by
a linear function as

T(z) = (AT/h)(z+ h/2) + T, (25)

where AT =T, — T,, where T, is temperature of inner surface and
T, is temperature of the outer surface of functionally graded shell.
The membrane solution of the equilibrium equations, using the
method developed by Meyers and Hyer, results in the prebuck-
ling force resultants

N/\’O = [_AT/z(l - U)](E,”C(m]’l + %Emacmh

+ %Ecmamh + éEcmacmh)
N90 = Nl\’9o = 0 (26)

When coefficients from Eqs. (21) are substitutedin Eq. (22) and the
result is simplified, the final expression for AT becomes

2(1 — V)(bllb23b32 + b13b22b31 — b12b23b31 — b13b21b32)

N h3a2n? o (E=E
24R(1 + v) 6

41— 1—02

h3)2n?v h*n? h3n*
2R =12  R(I—v7) 4R —17)
24

where K (r) is the coefficient of thermal conductionof the function-
ally graded cylinder. We may assumed a linear distribution for K (r)
in the radial direction, as discussed in the Appendices, by

K@) = Kyr (29)

where K is a constant value. The solution of Eq. (28) is obtained
by assuming a distribution for temperature of the form

T(r) =byr" +byr" + b (30)

where by, by, b3, 11, and 1, are constant coefficients. Substituting the
solution given by Eq. (30) in Eq. (28) and solving for T (r) gives

T(r)=>by/r +b; 3D

To obtain the constant coefficients b3 and b4, the boundary condi-
tions are assumed as

T=T, at r=r,
T=T, at r=r, (32)

where r, and r;, are the inner and outer radii of the cylindrical shell,
respectively. When the boundary conditions are used, the tempera-
ture distributionacross the thicknessof the cylindricalshell becomes

(Ta — Th)rarh

"= hr

.
—wn—mf+n (33)

2(1 — v)

h3A*R h2\%y

)\,ZR(E,”C{,”/’Z + %Emacmh + éEcmamh + éEcmacmh)(blleZ - b12b21) )\,ZR(E,”C{,”/’Z + %Emacmh + %Ecmamh + éEcmacmh)

{(a+a)[ h
.
2 R(1 —1v?)

The linear buckling temperature difference is obtained by minimiz-
ing Eq. (27) with respectto m and n, the number of longitudinaland
circumferential buckling waves. For pure isotropic metal or pure
isotropic ceramic in relations (10), 8, =0, and S5 =0, and Eq. (27)

N h3a2n? o (E—Ew
24R(1+v) 6

h3x2n?v h*n? h3n* i”

41—v2) 1—v2 2R(1—12) RX(1—1?2) 4R3(1—1?)

@7

The prebuckling forces are obtained by solving the mem-
brane form of the equilibrium equations, using the method devel-
oped by Meyers and Hyer.>® The prebuckling force resultants are
then
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_ _2A/Emam &’vrav + ]’1/2 _ A/Emacm &’vrav + ]’1/2

X0
1—v Tay 1—v Tay

A/Ecm m av + h 2
_ o &Tr /

1—v Tay

A'E 1y [hz

- __hrav
(1 —v) | 4
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where

A" = (T, = Ty)(rora/ h), B'=T,— (T, = T,)(rs/h) (35)

The coefficients from Eqs. (21) are substitutedin Eq. (22), and upon
simplification, the final expressions for N,, becomes
_ biabasbsi + bi3baibyy — bisbynbsi — biibysbsy
o A2R(b1abyy — bi1byy)

n 1 E.+E, h n
VR 2 R — %)
N E.—E, AR h2 A%y h3A2n2v
6 A1—v) 1—v2 2R(1—7

h*n? hn*
T R2(1—12)  4R3(1 - uz)“ (36)

The buckling force is obtained by minimizing Eq. (36) with respect
tom and n, the number of longitudinaland circumferentialbuckling
waves. Then, this expression for N, is substituted in Eq. (34) to
provide the buckling temperature difference AT, =T, — T,.

h332n2
24R(1 + v)i|

VI. Results and Discussion

Consider a ceramic—-metal functionally graded cylindrical shell
(Fig. 1) The combination of materials consist of steel and alumina.
Young’s modulus and the coefficient of thermal expansion are for
steel, E,, =200 GPa and ,, = 11.7 x 107%1/°C, and for alumina,
E.=380GPaanda, =7.4x107°1/°C, respectively.Poisson’s ratio
is assumedto be 0.3 for steel and alumina. Simply supported bound-
ary conditions are assumed. The variation of the buckling tempera-
ture difference AT, vs the variation of the dimensionless geomet-
rical parameter &1/ R is plotted for three loading cases in Figs. 2—4.
In Figs. 24, three arbitrary values of L /R are considered, and the
meanradiusis assumed R =0.5m. As canbe seen, AT, isincreased
as L/R and h/R are increased. The buckling temperatures related
to the uniform temperature rise and linear temperature through the
thicknessfor cylindricalshells made of isotropic material are higher
thanthe FGM cylindricalshell (Figs.2 and 3). Comparisonof Figs. 3
and 4 reveals that the buckling temperature associated with the non-
linear temperature distribution across the thickness is greater than
the linear temperature distribution.
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Fig. 2 Variation of the critical uniform temperature rise vs h/R.
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Fig. 3 Variation of the critical linear radial temperature difference
vs h/R.

500
UR=05 =l
450 - %-.  LR=2 R
--a-- LUR=10 .
a0 b L .
3O+ L i
A
. aoop L J
© ’ &
s . .
;260 ]
— - -
< L L7
200 - L i
180} e _
.'"’& _,—'*/ .
sz;_._--&"/ Ca e JEUPEEE
o= T L. B 1
o s
1 2 3 4 5 & 7 8 9 10
hR w10°

Fig. 4 Variationof the critical nonlinearradial temperature difference
vs h/R.

middle surface

b)

Fig. 1 Distribution of metal and ceramic in the FGM cylinder.
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The buckling modes m and n related to the critical uniform tem-
perature rise are checked. Note that as /R is increased, assuming
constant L/ R, the number of buckling waves m and n are decreased.
Also, as L/R is increased, with constant /R, m is increased and n
is decreased. The limiting value for m is 1 and for n is 2.

VII. Conclusions

Equilibrium and stability equations for simply supported func-
tionally gradedcylindricalshells are obtained. Derivationsare based
on first-order shell theory the Sanders kinematic relations and the
improved Donnellstabilityequations. The bucklinganalysisof func-
tionally graded cylindrical shells under three differentloading cases
are investigated. The following conclusions are reached:

1) The equilibrium and stability equations are identical with the
corresponding equations for the pure isotropic cylindrical shell in
form of forces and moments per unit length.

2) The critical temperature difference AT, for the functionally
graded cylindrical shell is generally lower than the corresponding
value for the pure isotropic cylindrical shell.

3) The critical temperature difference AT, for the functionally
graded cylindrical shell is increase by increasing the dimensionless
ratiosh/R and L/R.

4) The critical temperature difference AT, fora FGM cylindrical
shell under a linear temperature difference through the thickness
is twice of the FGM cylindrical shell under uniform temperature
difference.

5) The critical temperature difference AT, for FGM cylindrical
shell under nonlinear temperature difference through the thickness
is greater than the FGM cylindrical shell under linear temperature
difference through the thickness.

Appendix A: Calculation of Volume
Fraction of Metal in Cylinder

Figure 1 shows the distribution of ceramic and metal in the cross
sectionof cylindrical shell. To calculate the volume fraction of metal
(Fig. 1a), the volume of metal V,, and the total volume V,, ... must
be used as

szzﬂr[(r_r[)L» Vt;z+c=2ﬂr[(r0_r[)L (Al)

Therefore,

£ = Vo  2mri(r—r)L  r—r  h/2—z h—2z

" Vo te T 2nri(rg—r)L T rg—r; h T 2h
(A2)

Appendix B: Calculation of Volume
Fraction of Ceramic in Cylinder
To calculate the volume fraction of ceramic (Fig. 1b), the volume
of ceramic V. and the total volume V,, , . must be used as

Vc=2ﬂr0(r0_r)L» V,,1+C=27TVU(VU—V[)L (Bl)

Thus,
V. _ 2nng(o—n)L  rg—r h/2+4z _ h+2z

Vo te a 2mry(rg — ;)L a ro—1i h 2h
(B2)

fe=

With consideration of the Voigt model, the overall mechanical
properties are

PIVI = Piﬂviﬂ + PCVC (B3)

Here, P,, P,, and P, are the mechanical properties of the overall
FGM, metal, and ceramic, respectively. The weighted average of
the mechanical properties is

b= P, fn+ P (B4)

Substituting relations (A1) and (B2) in relation (B4) gives
P, = P,[(h —22)/2h] + P.[(h + 22)/2h] (B5)
Therefore,

P, = P, + P, [(h +22)/2h], Pow = P — P, (BO)
Here, P may be the modulus of elasticity, thermal expansion co-
efficient, Poisson’s ratio, or any other material properties being a
function of graded materials.
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